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Abstract: In geomechanics and biomechanics there are problems whose investigations
lead to solving model problems based on variational formulations. Such problems are
frequently formulated by variational inequalities as they physically describe the principle
of virtual work in its inequality form. This report is devoted to solution variational
problems by using MATLAB. In the first part of the contribution we will formulate
variational inequality problem, in second part ist finite element approximation and in the
third part numerical experiments, e.g. some results on mathematical simulation of total
knee joint replacement, will be presented.

1. Formulation of the contact problem

Let the investigated part of the elastic body occupy a union €2 of “s” bounded domains
Q1 =1,...,s in IR?, with Lipschitz boundaries 0. Let the boundary 09 = Ur_, o
consist of four disjoint parts, i.e.

o0=T,UT, Ul . UT,.
Let us denote
M =00"NoQ!, kil=1,...,s, k#1, T.= Uk e T, =U_ I,
r,=r,no, It =r,noQ, I' =J_, T, I =T, NN
Assume that either
meas " >0 or TH =)
and either
meas I, >0 or I'! = 0.
Let body forces F, surface tractions P and boundary displacements u, are given.
We have the following problem P: find the displacements u* in all 2* such that
g T(W) +F =0 inQ, t=1...5 i=12, (1)
7;i(u') = cgjkmekm(ub) in Q, u'=uy only, (2)
u, =0 and 7/ =0 on I';, 7;(u’)nj = P/ on T} (3)

and on every I'* the folloving conditions are satisfied:

ub —ul <0, 7 <0, (ufF —ul)rh =0 (4)

n_ Yn =

Ox; ox; /7

ko pkok ol ok
wl =wuiny, u, = un? = —u;n;, (nosum over k or [),

1 7 1'%
k_ .k k kok o0 _ o0k 1,k
Uy = UMy — UMy, Uy = U Ny — UgTy,

k_ kok k .k _ (_k k_ kok k. k _kl— _k
Tp = Ty Ty, Ty = (74), Ty = TigNy — TNy Ty =Ty -

In what follows, we introduce
W=TLLEY Q)R Vil = (D Sice 013 0)2,
Vo={veW|v=0onT, and v, =0o0nTI,}, V =uy+ Vj,
K={veV]|v—v,<0on |, 't}
Assume that uf, —u), =0 on U I'*. Let
F' e L*(Q), Pre L*(TY), ¢ty € L=(Q), ug € W.

ijk

We denote the stress tensor by 75, e;;(u’) = 5(



Definition 1: A function u is a weak solution of problem P, if u € K and
a(u,v—u) > L(v—u) Vv e K, (5)
where

alu,w) =377 Jo cijuei(0)en(w) dz,  L(w) =370 ([, Fiwi dx + [;, Piw;ds).

Remark 2: The problem (5) is equivalent problem to find u € K such that

L(u) = min L(v) (6)
where £(v) is quadratic functional defined by
1
L) = La(v.v) - L) )

2. Finite element approximation

Let the domain Q = [ J_, Q" be approximated by Q, = [J_, ©}, with polygonal bound-
ary 092, = Iy, UL, U, UL, where I'yp, i, Ten, Iy are piecewise linear. Let
Q, = U, Q) be triangulated, let ¢; be nodes of used triangulation. Let 7,',¢ =1, ..., s,
denote triangulations of polygonal domains €,c = 1,...;s, and 7, = {7}, = 1,..., s}.
We assume that 7,',¢ =1, ..., s, are consistent with the respective decompositions of the
boundaries 9,1 = 1,...,s and let the nodes lie on I'*" belonging to the triangulations
corresponding to the neighbouring subdomains Q% and Q' being in a mutual contact. The
triangulation 7}, is said to be regular, if all 7,',. =1, ..., s, are regular, h is the maximal
side of the triangulation. For every node ¢; of the triangulation 7, on I'*" and I, we define
the set of indeces N = {j € {1,...,r} | ¢ € T} and N; = {j € {1,...,7"} | ¢ € T},
where T} = (Ji_, T4, T, = U)_; oy, Tk, Ty; denote segments on T}, T, and 7,7’ the
number of segments on I'* and T',, respectively.

Let us define a finite dimensional space V}, by
Vi=A{vn | v, e [CO]2x -+ x [C(QS)P,VMTM € [P(T1))>, VT € Ti;

V(i) = 0,¢ € To; vin(qs) = vo(a:), ¢; € Tu}
and a finite dimensional set of admissible displacements
Ky = {va|vi € Vi, (vf, —vh) (@) <0, ¢; €T}
Definition 3: Function u, € K, is a solution of the problem P, if
a(up, v, —up) > L(vy, — up) Vv, € K. (8)

Note that in a general case K;, ¢ K.
The next theorem gives the connection between the problem P and the problem P, if
h — 04 under the assumption that the solution of the problem is sufficiently smooth.

Theorem 4: Let 02 and its parts T, [';, T, T'. be piecewise polygonal, ['* = U;zl Ff]l
Let the solution of problem P u € K N [H*(Q)?, 7;(u') € HY(QY), i,j = 1,2 and
t=1,...,5 1) € L"), vkl € H*T"), k1 =1,...,sand j = 1,...,r. Let
K;, C K. Let changes uf —u!, <0 — uf — !, =0 and u}f —ul =0 — u} —ul # 0 occur

'n,_

at only finitely many points of |, , I'*". Then for the semi-coercive case

[ SIS

|lu—u,| = O(h), where |w| = (Z /Q e;j(w)ei;(w) dx) 9)

and for the coercive case
[u—wllw = O(h). (10)
For the proof see [1].



Now we solve the problem P;. If we do not consider the constraints on I', and I',,, we
may write for v, € V,

Vh:(V}ll,V}QL,...,V}SL) ng (U;ﬂ?UhQ) 1 <l<8
M() M(1)
vgm(x) = Z QJ SDJ Z IZJSO] =1 2, l= ]., e S, (11)
7=1

where q are the nodes of the trlangulatlon x - the degrees of freedom, gaj( x) the basis
functlons on V}, such, that

i) =0 d,j=1,...,M(), l=1,....s, (12)

and M (l) is the number of nodes in the I-th body.

In regard to (11), (12), the constraints on I'g and I, always bind degrees of freedom x;
which belong to one node of the triangulation. The constraints on I'. = UI'* express the
relation between the displacements uf and u!, of the two nodes, which form the contact
pair, and each of them belongs to different body (1 < k <[ < s) of the model. Therefore,
one constraint binds two pairs of degrees of freedom. For simplicity’s sake we denote the
nodes in a contact pair by the same symbol.

All constraints can be written as

i1 = up(q) ¢ el

Ti2 = up(q) ¢ ely, (13)
r111(¢;) + Tiona(¢:) =0 ¢ €T,
win(q) + xna(q) — hni () — whyna(g) < 0 g €T,

where n(g;) = (n1(¢:), n2(¢;)) denote the outward unit normal to the boundary in node g;.
The conditions on I', will be satisfied during the assembling of the stiffness matrix
and the right hand side vector, i.e. during the assembling of the functional £. The
corresponding degrees of freedom are constant, i.e. they are not dependent. In the
conditions on I', one parameter of x;1, x;5 can be also expressed by the second one.
For these reasons we may consider only the conditions on I'. in what follows. These
can be written in a matrix form as

Ax <0, Ais of the type M x N,
M is the number of constraints,
N is the number of degrees of freedom in the whole model.

We will form £ on particular triangles and edges of the triangulation. Let us introduce
the vector 3 x 1, €;;, 1 <14 < j <2, by the relations

_ 1 A 14
€12 = 2e12, (14)
and f(z) = L(zip) = L(vp), z € RY.
It holds that
2 2
Z CijklCkICij = Z Cijklékléij7
i,5,k, =1 i<j k<l i,5,k,l=1

which can be written in the matrix form as €’ D€, where the matrix D is 3 x 3, symmetric.

In regard to the choice of V},, we seek the vector u;, = (up1, upe) in the form of linear
polynomial on every triangle 7} and edge B; of the triangulation Similarly we will obtain
fr(xg) on a given element in the form fi(z) = —xk TCvay, —aldy,, Crpis 6 x 6, 7, = (6 x 1),
d, = (6x1). We will also obtain the contributions from the edges on ', 27 h;, 7; = (4x 1),
hi = (4 x 1) which will be added to the linear term of L.



Then, we eliminate the contingent degrees of freedom on I', or I'y. During the as-
sembling of £ in the whole model, we follow the global numbering of nodes and the
numbering of degrees of freedom (i.e. the numbering of the variables in the functional).

The problem P}, then leads to the quadratic programming problem P,:

f(z) = 327 Cx — 2"d — min

with constraints Az < 0.

Remark 5: The global stiffness matrix C' is of the type N x N, block diagonal, every
block is sparse, symmetric, positive semidefinite matrix and corresponds to just one body
in the model. In the coercive case C' is positive definite. The constraint matrix A is of
the type M x N, M < N; we assume its rows to be linearly independent.

3. Numerical experiments

The paper presents two models. The first one represents the loaded total endoprothesis
of the knee joint in the sagital cross-section and the second model in frontal cross-section.
Both models are presented in Fig. 1.
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Fig. 1. The model of the artificial knee replacement, (a) the sagital cross-section,
(b) the frontal cross-section

The physical parameters are as follows: bone: Young’s modulus £ = 1.71 x 10%°
[Pa], Poisson’s ratio v = 0.25, (1) Ti6Al4V: E = 1.15 x 10" [Pal, v = 0.3, (2) chirulen:
E =3.4x10® [Pal], v = 0.4, (3) the zircon ceramics ZrO, : E = 4.0 x 10" [Pa], v = 0.22.
The femur is loaded between points 5 and 6 by a loading 0.215 x 107[Pa], the tibia and
the fibula are fixed between points 1 and 2 (the tibia) and between 3 and 4 (the fibula)



and the unilateral contact boundary is between points 7 and 8 as well as between 9 and
10. The loadings evoked by muscular forces were neglected. In Fig. 2 the deformations

and in Fig. 3 the vertical stress tensor components are presented.
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Fig. 2. The deformations (enlarging factor is 10), (a) the sagital cross-section,
(b) the frontal cross-section
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Fig. 3. The vertical stress tensor components, (a) the sagital cross-section,
(b) the frontal cross-section
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